An approximation method which combines the perturbation theory with the variational calculation is constructed for quantum mechanical problems.
I. INTRODUCTION
In undergraduate quantum mechanics, students are taught generally two types of approximation schemes, the perturbation theory and the variational calculation. Each method is known to have its own advantages and limitations. The perturbation theory is applicable only when the perturbing potential is small, whereas the variational method lacks systematic means for improvement after the first approximation. Also, it is rather cumbersome and difficult to estimate the excited states in the variational method [1] [2] [3] [4] .
In this paper, we present an approximate scheme which combines the two approximation methods. It will be shown that the combined method carries the advantages of both methods and, at the same time, overcomes the deficiencies mentioned above. Actually, the concept of combining the two approximation methods is not entirely new. For instances, this concept has been used in lattice dynamics to obtain a better description of phonons in crystals [5] . In this approach, perturbation calculations were made on the basis of the variational self-consistent harmonic approximations. Also, in relativistic field theories, this approach was called the perturbation with variational basis and used to calculate effective Gaussian potentials and high order terms [6, 7] . However, to the authors' knowledge, this concept has never been discussed in a plain quantum mechanical language understandable to undergraduate or graduate students who do not have knowledge of either lattice dynamics or relativistic quantum field theory. Therefore, we believe that developing this combined approximation scheme for quantum mechanical problems is not only pedagogically important, but also useful for real applications in quantum mechanical problems.
II. PERTURBATION WITH A VARIATIONAL BASIS
In a variational calculation, we first choose a trial function Ψ(λ) as a function of a variational parameter λ for a given Hamiltonian H. Then, the ground state energy is estimated by minimizing the expection value, Ψ λ |H|Ψ λ against λ. In the present formalism, we also first choose a trial function Ψ n (λ). However, here, the choice of Ψ n (λ) is limited to the cases where a parent Hamiltonian H λ , which carries Ψ n (λ) as exact eigenfunctions, can be found.
We will discuss implications of this limitation of the theory below. We just assume here that such a parent Hamiltonian can be found for a given problem. Then we rewrite the original Hamiltonian, H as follows,
where H ′ = H − H λ is the perturbing Hamiltonian. Clearly, success of a perturbative calculation depends on how small H ′ can be made. In order to obtain an optimum H λ , we first determine λ through the condition
Here, we note that this condition is not limited to the ground state, but is valid to all excited states also. Therefore, generally λ will be dependent on the state number n. Thus we express λ and H λ as λ n and H λn respectively. Using the above notations, we carry out the standard perturbation calculation of E n .
Here E
n (λ n ) is the nth energy eigenvalue of H λn ;
Now we compare the above result with the conventional approximation schemes. First of all, for n = 0, the first two terms become Another important aspect of the present theory is that it can be readily applied in evaluating excited states unlike the conventional variational methods. In the usual variational calculation, for the calculation of an excited state energy, it is necessary to construct a trial wavefunction which is orthogonal to the ground state wavefunction, thus making the procedure rather cumbersome and difficult [4] . In the present formalism, it may appear that this requirement is automatically satisfied because Ψ n (λ n ) is the nth eigenfunction of H λ , which is orthogonal to Ψ 0 (λ n ). However, this point requires a closer examination. Since λ n is determined through minimization as given by Eq. (2), it is different for each n. For example, λ 0 should be used throughout in Eq. (3) for evaluation of the ground state energy, whereas λ 1 obtained from Eq. (2) should be used for evaluation of the first excited state. Therefore, the requirement of the orthogonality can be satisfied, but, in an approximate sense, because
is neither exactly orthogonal to the true ground-state wavefunction nor to Ψ 0 (λ 0 ). This point will be made more clear in the next chapters through examples.
III. ANHARMONIC OSCILLATOR
In this chapter, we apply the above formalism to the anharmonic oscillator problem which has a x 4 term. The Hamiltonian is given by
where b is positive. The conventional perturbative calculation is possible only when b is small [8] . In order to apply the present formalism to this problem, we should first find a suitable trial function and the corresponding parent Hamiltonian. A convenient choice is given by
for the ground state trial wavefunction. Here Ω is a variational parameter. The corresponding parent Hamiltonian, which carries the above trial wavefunction as the exact ground state eigenfunction is given by
Using this parent Hamiltonian, we rewrite the original Hamiltonian,
We denote the nth eigenstate of H Ω by |n Ω . Then the expectation value of n Ω |H|n Ω is given by
Here, we used the standard quantum mechanical results [8] ;
By taking a variation on n Ω |H|n Ω , we obtain a relation which determines Ω n ,
This equation is valid for any n. Now it is necessary to evaluate the third term of Eq.(3).
This second order calculation can also be carried out in a straightforward fashion [8] to yield
Here, we used Eq.(12) to express Ω 2 n − ω 2 n in terms of Ω n and b. Collecting terms, we obtain
Now we can readily evaluate any energy eigenvalues of the anharmonic oscillator given by Eq.(6). First, we obtain Ω n from Eq.(12) for a given n and substitute this value to Eq.(14).
In order to compare the present result with the conventional perturbation and the variational calculations, we carry out numerical calculations up to the second order using Eq.(14).
For this purpose, we choose Table I . The exact ground state energy is obtained numerically using the Runge-Kutta-Fehlberg algorithm [9] . The result
shows that the present method is clearly superior to the conventional perturbation theory and the variational calculation. First of all, the present method gives highly accurate values in the regime where the conventional perturbation theory is not applicable. This is because the perturbational basis has been renormalized through the variational process to yield a better convergence. This renormalization effect can be also seen from the changing values of Table II , the results of the first and the second order calculations of the approximations for b = 0.05eVÅ −4 . First, we observe that in the ordinary perturbation theory, convergence is bad already. The first order result of the present approximation scheme is same to the variational calculation as shown in Eq. (3) and (5). We can see clearly that the renormalized perturbation calculation yields a good convergence.
We now extend the calculation to the first excited state energy. The results are shown in Table III . For b = 0.05eVÅ −4 , we obtain E 1 = 5.092412eV which is 100.02% of the true value. Here, the variational parameter . We note that the agreement for the first excited state is again excellent. As mentioned earlier, the value of the variational parameter, Ω, is different for each level.
IV. HELIUM ATOM
We now apply the present method to evaluate the energy eigenvalues of He atom. Evaluation of the ground state energy using both the standard perturbation method and the variational calculation are given in any standard quantum mechanical text books [1] [2] [3] [4] . It is known that the standard perturbation calculation does not yield satisfactory result because of the large coulomb interaction between electrons. The variational approximation gives a better result, which will be utilized below.
The Hamiltonian for a He atom is given by
where Z is 2. In order to evaluate the energy eigenvalues variationally, we choose a parent
Hamiltonian
where Z * is the variational parameter [1] . With this choice, the perturbation Hamiltonian H ′ is given by
and H = H Z * + H ′ . The ground state eigenfunction for this parent Hamiltonian is given by
where
The optimal value of Z * is obtained by minimizing Eq.(19) and given by Z * = 1.6875.
Substituting the above results to Eq. (3), we obtain
The first term gives the usual variational result, E g = −5.6953ryd for the ground state energy which is 98.077% of the experimental value of -5.8070 [1] . In calculating the second order contribution, we only have to consider excited state wavefunctions which have antisymmetric spin parts, since Φ 0 (Z * ) is antisymmetric in spins. The general form of the wavefunction with antisymmetric spin parts is given by
For calculation of the second order term, we divide the perturbation Hamiltonian, H ′ , into two parts
and
The H ′ 1 contribution does not have any angular dependence. Therefore, it can be straightforwardly calculated to yield
The H ′ 2 contribution can be calculated by expanding
in terms of spherical harmonics [3] . A lengthy but straightforward calculation yields the result
Collecting the above results, we obtain an expression for the ground state energy,
Here, we assume n ′ ≥ n, 0 ≤ l ≤ n − 1, and 0 ≤ m ≤ l. Also n ′ = n = 1 should not be included in the second order correction. The above expression is numerically evaluated upto 
V. CONCLUSIONS
We have presented an approximation scheme which combines the perturbation theory with the variational calculation in quantum mechanics. It is shown that this scheme provides a very good convergence beyond the first variational calculation even when the perturbing potential is large. Also it can be readily used to estimate excited states. Therefore, this method overcomes the shortcomings of the perturbation theory and the variational calculation and combines the advantages, when applicable. Here, it should be noted that the present method is applicable only when a parent Hamiltonian can be found, thus limiting its usefulness. However, it is known that for a quite large number of problems, potentials can be expanded into simple harmonic potential plus higher order terms. In such category of problems, the present method is expected to be efficient.
Another merit of the present method which, we believe, may be more important is the pedagogical value of the combined approximation scheme. The theory shows to the students the limits of both approximations and demonstrates a way to overcome those, although in a limited class of problems. Also, this method provides an easy example of renormalized perturbation theory which are often used in many body and field theories [10] . 
